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TABLE 7. Isothermal First Pressure Derivatives of the Effective Elastic Constants at 25°C 

Weighted ... U (3a StaP)e a Specimen N [a (peW2 )/aP] 0 Average 
11\1 11\1 . 

all j [100] [100] 9.86 11.08:t 0.06 11.04 :t 0.06 1 [100] [100] 9.72 10.94 :t 0.09 

°22 1 [010] [010] 9.07 9.27 :t 0.07 9.19 :t 0.08 
4 [010] [010] 8.90 9.1l :t 0.07 

033 1 [001] [001] 15.69 16.40 :t 0.06 16.42 :t 0.04 1 [001] [001] 15.72 16.44 :t 0.06 

0 .... 1 [010] [001] .2.25 2.35 :t 0.01 
4 [010] [001] 2.36 2.46 :t 0.01 2.38 :t 0.03 
1 [001] [010] 2.08 2.36 :t 0.01 
1* [001] [010] 2.12 2.40 t 0.02 

aSS 1 [100] [001] 2.58 2.98 :t 0.01 
3 [100] [001] 2.45 2.85 t 0.01 2.92 t 0.04 
1 [001] [100] 2.71 2.97 :t 0.02 

066 1 [100] [010] 2.36 2.77 t 0.01 
3* [100] [010] 2.35 2.77 t 0.01 2.75 t 0.01 
1 [010] [100] 2.61 2.71 :t 0.02 
4 [010] [100] 2.61 2.71 :t 0.02 

e12 2 elmO] [miD] 1.66 6.97 t 0.14 6.97 t 0.10 2· 1.66 6.97 t 0.14 

ell 4* [zOn] . [nOi] 2.21 9.11 t 0.14 9.09 t 0.10 4* 2.19 9.07 :t 0.14 

a23 3 [()nn] [anm] 1.64 8.69 t 0.10 8.73 :t 0.10 3* 1.57 8.83 t 0.15 

*Run made with Arenberg PSP AFC ultrasonic equipment. All other data were taken with ~ffiL PSP APC 
equipment. 

culated from the isothermal elastic compliances 
[Graham, 1969; Barsch. and Frisillo, 1973]. The 
computed cross checks c.~ = 8.72 and c'; = 
16.53 are in excellent agreement with their 
corresponding values in T able 7. The agree
ment of the check on c",,' illustrates the ~elf
consistency of the data, since knowledge of c .. 
and c", and of their first pressure derivatives is 
required for the c!\lculation. 

To test the possibility of inherent systematic 
error in the MRL PSP AFC ultrasonic equip
ment lIsed to obtain most of these data, 
several pressure runs were made with a differ
ent ultrasonic unit (Arenberg PSP AFS). The 
agreement of the cbta obtained by using the two 
ultrasonic units demonstrates that systematic 
errors from the electronic system are \'ery smal l. 

The erron; shown in Table 7 for (i)cliV' / iJP). 
are based on the stancbrd dPviations of the le:lst 
squares curve fit of (pH"').'. Becau::e the major 
source of error in (pP)o' ari5E's from (pW')o', 

the standard deviation of the curve fitted to 
the raw data can be considered as a reasonable. 
estimate of the probable error for each run. 
The error given for the cross-coupling moduli 
was determined from the errors of (pJl")0', of 
the pressure coefficient of the on-diagonal mod
uli, and of the direction cosines by means of 
the Gaussian error propagation law. In se\'ernl 
cases the differences between the nlue of 
(iJc,,/lilP). obtained from different modes a re 
larger than the standard errors of the incli
\'idu:ll funs. Therefore the 'weighted average' 
\'alues (V) were determined by 

v = ~,TrY. / tr Jr i (7) 

where W. = 1/(s,d.)' for the ine!i"iclual runs 
:lne! V. are the corr~poncling values of (i)c~.sl 

ilP). to ue :l\'erag~~ . The error.~ for the weighted 
:l \'erage ":ilul's WE're estimated :I('cording to 
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(8) 

where u, is the l't:lnd:lrd ('Tror of e:I[·1I " alne 1', 
and n is the number of mode5 to be a \"('rnged. 
(This formula has been su gge~t('d to the aut hors 
by H. H . Dem:u e.::i t, Jr.) This formul a is a 
useful exiellsion of the G:1u;;~ia ll error propa
gation law to which it redutes .in the case of 
perfect consistency (1', = (l') for all i) . Its 
"aIidity is restrict ed to the case of good con
sistency «V, - (V» ' < u/l. For 'inconsistent' 
data «V, -(1' » ' > uo') the factor n in the 
denominator has to be replatcd by the value 
(n - 1), and in the limit (V, - (l'): « u,' 
the revised formula reduc(~ to the regular ex
pression for the standard er rors of t he lwerage 
(V) obtained from 11 independent single meas
urements of V," For the data in T ables 7 alld 8 
the consistency is good, and the use of (8) is 
therefore justified. 

Second pressure derivatives of effec tive sec
Of/d-order elastic constants. For calculating the 
second pressure derinltiyes, the isothermal first 

pr('~"ure derivative of the isothermal single
("f~·!' t a l bulk modulus is required. This deriva
tin' i,... found by ming the general relation 
[Thurston, 1967] 

(aKoSj aph = (Kos)%(S"p;/{3 ; ik~ Ski .. .!) (9) 

to determine the isothermal derivatiye of t he 
adi:lb:ltic bulk modulus (Kos )' = 9.63 and then 
cOIl\"erting: this value to the purely isothermal 
derh·ati\·e (K/ ), = 9.42 by using Barsch 's 
[1967] .equation 5. The quantities {3<H ,' appear
ing in (9) are the thermodynamic preS5ure 
derivat ives of the single-crystal adiabatic elastic 
CCll5tants. The equations necessary to conyert 
t he measured effect ive derivatives to thermo
d~ namic quantities have been given by Thurston 
[1965]. By using the equations of Barsch and 
Frisillo [1973] , the second pressure deriYatiYes 
of the effecti ve elastic constants have been COID-
11Uted (Table 8) . It should be noted that the 
quantities c .. ", Croti" , and c." are negat ive but. 
that the secortd ~erivati\'es cd', c,.", and c",," of 
the cross-coupling moduli are positive, These 
positive values result frOID a change in sign 
when t he negat ive values oJ (PoW)" are sub
tra.cted ill determining (pV2

)", used in COID-

TABLE 8. Isothermal Second Pressure Derivatives of 
the Adiabatic Effective Elastic Constants at 25'C 

'\. [a2 (poW2)taP2] 0, [a 2c""S taP2.] 0' 
Weighted 

N .. Average, 
Specimen U Mb-l Mb-l Mb-l 

1 [010] [001] -30.0 !: 1.8 -31.S 
4 [010] [001) -33.6 :t 2. 3 -35.1 -28.1 :t 2.S 
1 [001] [010] -24.3 ± 1.6 -23.4 
1* [OOlJ [OlOJ -26.3 ± 2.4 -25.2 . 

1 [lOOJ [OOlJ -61.5 :t 1.6 -62.3 
3 (100) [001 ] -54.1 :t 2.2 -55.0 -59.5 :t 2.2 
1 [OOlJ [100] -59.1 :t 3.0 -57.8. 

1 (100] [OIOJ -17.0 ± 1.4 -18.1 
3* [lOOJ [010] -13.4 :t 2.4 -14.7 -17.3 :t 1.2 
1 [010] [100] -17.2 !: 3.8 -18.6 
4 [OlOJ [100] -15.9 ± 1.9 -17.2 

2 [bnO) [mYO) -23.4 ± 2.2 49.3 (50.7)t .2* (ZmO) [m!O) -25.1 :t 1.6 51.4 

4* [ZOn] [nO~ -42.4 ± 4. 7 64.4 (66.3)t .* (ZOnJ [nO] -44.2 :t 5.5 68.8 

· 3 [Omn] [0Mi) -30.8 :t 3.0 64.4 (62.0)t 3* [OmnJ [oniii] -30.0 ± 5.1 68.8 

*Test made with Arenberg PSP AFC ultrasonic equipment. All other data taken with MRL PSP Ate 
equipment. 

tCalculated by a~swning cll", cn", and c33" to be zero. 


